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WIGNER’S TYPE THEOREM IN TERMS OF LINEAR
OPERATORS WHICH SEND PROJECTIONS OF A FIXED
RANK TO PROJECTIONS OF OTHER FIXED RANK
MARK PANKOV
Abstract. Let H be a complex Hilbert space whose dimension is not less than
3 and let Fs(H) be the real vector space formed by all self-adjoint operators of
finite rank on H. For every non-zero natural k < dimH we denote by Pk(H)
the set of all rank k projections. Let H′ be other complex Hilbert space of
dimension not less than 3 and let L : Fs(H) → Fs(H′) be a linear operator
such that L(Pk(H)) ⊂ Pm(H
′) for some natural k,m and the restriction of L
to Pk(H) is injective. If H = H
′ and k = m, then L is induced by a linear or
conjugate-linear isometry ofH to itself, except the case dimH = 2k when there
is another one possibility (we get a classical Wigner’s theorem if k = m = 1).
If dimH ≥ 2k, then k ≤ m. The main result describes all linear operators
L satisfying the above conditions under the assumptions that H is infinite-
dimensional and for any P,Q ∈ Pk(H) the dimension of the intersection of the
images of L(P ) and L(Q) is not less than m− k.
1. Introduction
By Gleason’s theorem [5], all (pure and mixed) states of a quantum mechanical
system can be identified with bounded self-adjoint non-negative operators of trace
one on a complex Hilbert space. Such operators form a convex set whose extreme
points are rank one projections corresponding to pure states. Let H be a complex
Hilbert space of dimension not less than 3. For every non-zero natural k < dimH
we denote by Pk(H) the set of all rank k projections, i.e. self-adjoint idempotents
whose images are k-dimensional subspaces. Each Pk(H) can be identified with the
class of states corresponding to operators k−1P , where P is a projection of rank k.
Classical Wigner’s theorem says that all symmetries of the space of pure states
are induced by unitary and anti-unitary operators. There is also a non-bijective
version of this result concerning transformations induced by linear and conjugate-
linear isometries and there are various extensions of Wigner’s theorem on others
Pk(H). We show that a linear operator sending Pk(H) to Pm(H) can be obtained
from a linear or conjugate-linear isometry if the images of projections do not diverge
far enough.
The non-bijective version of Wigner’s theorem states that any (not necessarily
bijective) transformation of P1(H) preserving the trace of the composition of two
projections (or equivalently, the angle between the corresponding rows) is induced
by a linear or conjugate-linear isometry [8, Section 2.1]. For k ≥ 2 transformations
of Pk(H) preserving the principal angles between the images of two projections
and transformations preserving the trace of the composition of two projections
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are described in [8, Section 2.1] and [4], respectively. All such transformations
are induced by linear or conjugate-linear isometries, except the case dimH = 2k
when there is an additional class generated by the transformation which replaces
the projection on X by the projection on the orthogonal complement X⊥. It was
established in [11] that to get a transformation of Pk(H) induced by a linear or
conjugate-linear isometry it is sufficient to require that only some types of the
principal angles (corresponding to the orthogonality and adjacency relations) are
preserved. There are also characterizations of unitary and anti-unitary operators
in terms of orthogonality or compatibility preserving transformations [3, 6, 10, 13].
We present Wigner’s type theorems of different nature.
Consider the real vector space Fs(H) formed by all finite rank self-adjoint opera-
tors on H . Every such operator is a real linear combination of rank one projections
(the spectral theorem) and it is not difficult to show that each rank one projection
can be presented as a real linear combination of rank k projections for every natural
k ≥ 2. Therefore, the vector space Fs(H) is spanned by each Pk(H). By [8, Lemma
2.1.2], if a transformation of Pk(H) preserves the trace of the composition of two
projections, then it can be extended to an injective linear operator on Fs(H) (this
fact also is exploited in [4]).
Linear operators preserving projections of fixed finite rank were investigated in
[1, 12, 14]. Let L be a linear operator on Fs(H) such that
L(Pk(H)) ⊂ Pk(H)
for certain natural k and the restriction of L to Pk(H) is injective. This operator
is induced by a linear or conjugate linear isometry if dimH 6= 2k; in the case
when dimH = 2k, there is an additional class of operators satisfying the above
conditions. This statement is a small generalization of the result by Aniello and
Chrus´cin´ski [1]. In this paper, it will be presented as a simple consequence of [11,
Theorem 1] and some arguments from [4].
Our main result concerns linear operators L : Fs(H) → Fs(H
′) (where H ′ is
other complex Hilbert space) satisfying the following conditions:
L(Pk(H)) ⊂ Pm(H
′)
for some natural k,m and the restriction of L to Pk(H) is injective. In the case when
dimH ≥ 2k, the existence of such operators implies that k ≤ m. We determine all
linear operators L satisfying the above conditions under the assumptions that H is
infinite-dimensional and for any P,Q ∈ Pk(H) the dimension of the intersection of
the images of L(P ) and L(Q) is not less than m − k. We will use a modification
of the methods exploited to study isometric embeddings of Grassmann graphs [9,
Chapter 3] and Gehe´r’s characterization of the adjacency relation [4, Lemma 2].
2. Results
Let H and H ′ be complex Hilbert spaces whose dimensions are not less than 3.
For every closed subspace X we denote by PX the projection on X . Consider a few
examples of linear operators between Fs(H) and Fs(H
′) which send projections to
projections.
Example 1. Let U : H → H ′ be a linear or conjugate-linear isometry. Then
U∗ : H ′ → H is surjective and U∗U is identity. For every A ∈ Fs(H) we define
LU (A) = UAU
∗
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and get the injective linear operator LU : Fs(H)→ Fs(H
′). It sends PX to PU(X)
and
LU (Pk(H)) ⊂ Pk(H)
for every k. This operator is invertible only in the case when U is a unitary or anti-
unitary operator. If dimH = dimH ′ is finite, then every linear or conjugate-linear
isometry of H to H ′ is a unitary or anti-unitary operator.
Example 2. Suppose that dimH = n is finite and fix non-zero natural k < n.
Consider the linear operator L⊥k on Fs(H) defined as
L⊥k (A) = k
−1tr(A)IdH −A
for every A ∈ Fs(H) (tr(A) is the trace of A). If X is a k-dimensional subspace of
H , then L⊥k sends PX to PX⊥ and we have
L⊥k (Pk(H)) = Pn−k(H),
i.e. L⊥k preserves Pk(H) if n = 2k. The operator L
⊥
k is invertible.
Example 3. Let k and m be natural numbers such that k < dimH , m < dimH ′
and k ≤ m. Consider an (m − k)-dimensional subspace W ⊂ H ′ and denote by
H ′′ the orthogonal complement of W . Suppose that U : H → H ′′ is a linear or
conjugate-linear isometry. For every A ∈ Fs(H) we denote by LU,W (A) the element
of Fs(H
′) whose restriction to H ′′ coincides with LU (A) and whose restriction to
W is k−1tr(A)IdW ; in other words,
LU,W (A) = LU (A)PH′ + k
−1tr(A)PW .
We get the injective linear operator LU,W : Fs(H)→ Fs(H
′) (which coincides with
LU if W = 0) and
LU,W (Pk(H)) ⊂ Pm(H
′).
The image of the projection on a k-dimensional subspace X is the projection on
the m-dimensional subspace U(X) +W .
Our first statement is a generalization of Aniello–Chrus´cin´ski’s result [1].
Theorem 1. Let L be a linear operator on Fs(H). Suppose that there is natural k
such that
L(Pk(H)) ⊂ Pk(H)
and the restriction of L to Pk(H) is injective. Then one of the following possibilities
is realized:
• L = LU for a certain linear or conjugate-linear isometry U ,
• dimH = 2k and L = L⊥k LU , where U is a unitary or anti-unitary operator.
The general case can be reduced to the case when dimH ≥ 2k. If dimH = n
is finite and k > n − k, then we consider the operator L⊥k LL
⊥
n−k which sends
projections on (n− k)-dimensional subspaces to projections on (n− k)-dimensional
subspaces and its restriction to Pn−k(H) is injective. Suppose that
L⊥k LL
⊥
n−k = LU
for a certain unitary or anti-unitary operator U . We have U(X⊥) = U(X)⊥ for
every closed subspace X ⊂ H which guarantees that L maps the projection on a
k-dimensional subspace X to the projection on U(X). So, L(P ) = LU (P ) for all
P ∈ Pk(H) which means that L = LU , since Fs(H) is spanned by Pk(H).
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In the case when dimH ≥ 2k, this statement is a consequence of the results from
the next section.
Example 4. Let P be a projection of rank k. Consider the linear operator which
sends every A ∈ Fs(H) to k
−1tr(A)P . It transfers every projection of rank k to
P , i.e. the assumption that the restriction of L to Pk(H) is injective cannot be
omitted.
Our main result is the following.
Theorem 2. Suppose that L : Fs(H)→ Fs(H
′) is a linear operator satisfying the
following conditions:
(L1) L(Pk(H)) ⊂ Pm(H
′) for some natural k and m,
(L2) the restriction of L to Pk(H) is injective.
If dimH ≥ 2k, then k ≤ m. Suppose that H is infinite-dimensional and the
following condition holds:
(L3) for any P,Q ∈ Pk(H) the dimension of the intersection of the images of
L(P ) and L(Q) is not less than m− k.
Then L = LU,W , where W is an (m − k)-dimensional subspace of H
′ and U is a
linear or conjugate-linear isometry of H to the orthogonal complement of W .
3. Preliminary
3.1. Semilinear maps. Let V and V ′ be left vector spaces over division rings R
and R′, respectively. The dimensions of the vector spaces are assumed to be not less
than 3. Denote by Gk(V ) the Grassmannian formed by k-dimensional subspaces of
V . Recall that a line of G1(V ) is the set of all 1-dimensional subspaces contained
in a certain 2-dimensional subspace of V . A map L : V → V ′ is called semilinear if
L(x+ y) = L(x) + L(y)
for all x, y ∈ V and there is a ring homomorphism σ : R→ R′ such that
L(ax) = σ(a)L(x)
for all x ∈ V and a ∈ R. Every semilinear injection L : V → V ′ induces a map of
G1(V ) to G1(V
′) which sends lines to subsets of lines. This map is not necessarily
injective (if the associated ring homomorphism is not surjective, then L can transfer
distinct 1-dimensional subspaces of V to subsets of the same 1-dimensional subspace
of V ′). We will need the following version of the Fundamental Theorem of Projective
Geometry.
Theorem 3 (Faure and Fro¨licher [2], Havlicek [7]). Let f : G1(V )→ G1(V
′) be an
injection satisfying the following conditions:
(1) f sends lines to subsets of lines,
(2) the image f(G1(V )) is not contained in a line.
Then f is induced by a semilinear injection of V to V ′.
Remark 1. For non-injective f : G1(V )→ G1(V
′) satisfying (1) and (2) the state-
ment fails [9, Example 2.3].
Let X be a set and let R ⊂ X ×X be a symmetric relation on X . A transfor-
mation f : X → X is said to be R preserving if
(x, y) ∈ R =⇒ (f(x), f(y)) ∈ R;
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in the case when
(x, y) ∈ R ⇐⇒ (f(x), f(y)) ∈ R,
we say that f is R preserving in both directions.
Lemma 1. Every semilinear injection of H to H ′ preserving the orthogonality
relation is a linear or conjugate-linear isometry.
Proof. See, for example, [11, Lemma 4]. 
3.2. Grassmann graph. For subspaces X,Y ⊂ H satisfying dimX < k < dimY
and X ⊂ Y we denote by [X,Y ]k the set of all k-dimensional subspaces Z such
that X ⊂ Z ⊂ Y . In the cases when X = 0 and Y = H , we will write 〈Y ]k and
[X〉k, respectively.
Suppose that dimH ≥ 2k and consider the Grassmann graph Γk(H) whose
vertex set is Gk(H) and two distinct k-dimensional subspaces are adjacent vertices
if their intersection is (k−1)-dimensional. If k = 1, then any two distinct vertices in
this graph are adjacent. In the case when k ≥ 2, there is the following description of
maximal cliques of Γk(H) (a clique in a graph is a subset of the vertex set consisting
of mutually adjacent vertices): every maximal clique is a star [X〉k, X ∈ Gk−1(H)
or a top 〈Y ]k, Y ∈ Gk+1(H).
The distance between two vertices in a connected graph is the smallest number
i such that there is a path consisting of i edges and connecting these vertices. A
path connecting vertices v and w is a geodesic if the number of vertices in this path
is equal to the distance between v and w. The graph Γk(V ) is connected and the
distance between X,Y ∈ Gk(H) in this graph will be denoted by dk(X,Y ). We
have
dk(X,Y ) = k − dim(X ∩ Y )
for any X,Y ∈ Gk(H).
Two closed subspaces X,Y ⊂ H are called compatible if there is an orthonormal
basis of H such that X and Y both are spanned by subsets of this basis. This is
equivalent to the existence of closed orthogonal subspaces X ′ ⊂ X and Y ′ ⊂ Y
such that X ∩ Y is orthogonal to both X ′, Y ′ and
X = X ′ + (X ∩ Y ), Y = Y ′ + (X ∩ Y ).
A subset of Gk(H) is said to be compatible if any two elements from this subset
are compatible. We say that two elements of Gk(H) are ortho-adjacent if they are
compatible and adjacent. Compatible subsets of stars and tops consist of mutually
ortho-adjacent elements.
Lemma 2. Every maximal compatible subset of a top T ⊂ Gk(H) consists of
k + 1 elements. Every maximal compatible subset of a star S ⊂ Gk(H) consists
of dimH − k + 1 elements if H is finite-dimensional, and it is infinite if H is
infinite-dimensional.
Proof. Easy verification. 
Lemma 3. Every geodesic of Γk(H) connecting compatible elements is formed by
mutually compatible elements. Any two compatible elements of Gk(H) are contained
in a geodesic of Γk(H) connecting orthogonal elements.
Proof. See [11, Section 3]. 
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Let X,Y ∈ Gk(H). Denote by Xk(X,Y ) the set of all Z ∈ Gk(H) such that
PX + PY − PZ ∈ Pk(H).
In other words, Z ∈ Gk(H) belongs to Xk(X,Y ) if and only if there is Z
′ ∈ Gk(H)
satisfying
PX + PY = PZ + PZ′ .
Since the image of PX + PY coincides with X + Y , the set Xk(X,Y ) is contained
in Gk(X + Y ). Also, every element of Xk(X,Y ) contains X ∩ Y (this follows from
the fact that (PX + PY )(x) = 2x if and only if x ∈ X ∩ Y ). Therefore,
Xk(X,Y ) ⊂ [X ∩ Y,X + Y ]k.
The converse inclusion holds only in the case when X and Y are compatible. In
particular, Xk(X,Y ) coincides with Gk(X+Y ) if and only ifX and Y are orthogonal.
Lemma 4 (Gehe´r [4]). The set Xk(X,Y ) is a 1-dimensional real manifold if and
only if X,Y ∈ Gk(H) are non-compatible and adjacent.
3.3. Geometric version of Wigner’s theorem for Hilbert Grassmannians.
Every linear or conjugate-linear isometry of H to itself induces an injective trans-
formation of Gk(H) preserving the adjacency and orthogonality relations in both
directions (note that pairs of orthogonal k-dimensional subspaces exist only in the
case when dimH ≥ 2k). If dimH = 2k, then the same holds for the orthocomple-
mentation map which sends every X ∈ Gk(H) to X
⊥ ∈ Gk(H). To prove Theorem
1 we use the following.
Theorem 4 (Pankov [11]). If dimH > 2k > 2, then every transformation of
Gk(H) preserving the adjacency and orthogonality relations is induced by a linear
or conjugate-linear isometry.
For dimH = 2k there is the following weak version of the above result.
Proposition 1 (Pankov [11]). If dimH = 2k > 2 and f is an orthogonality pre-
serving transformation of Gk(H) which also preserves the adjacency relation in both
directions, then f is induced by a unitary or anti-unitary operator or it is the com-
position of the orthocomplementation and the transformation induced by a unitary
or anti-unitary operator.
4. Proof of Theorems 1 and 2
Let dimH ≥ 2k and let L : Fs(H)→ Fs(H) be a linear operator satisfying the
following conditions:
(L1) L(Pk(H)) ⊂ Pm(H
′),
(L2) the restriction of L to Pk(H) is injective.
Consider the injection f : Gk(H)→ Gm(H
′) induced by L, i.e.
L(PX) = Pf(X)
for every X ∈ Gk(H). It is clear that for any X,Y ∈ Gk(H) we have
f(Xk(X,Y )) ⊂ Xm(f(X), f(Y )).
In the case when X,Y are orthogonal, Xk(X,Y ) coincides with Gk(X + Y ) and
f(Gk(X + Y )) ⊂ Xm(f(X), f(Y )) ⊂ [f(X) ∩ f(Y ), f(X) + f(Y )]m.
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This means that L transfers Fs(X + Y ) to a subspace of Fs(f(X) + f(Y ))
1. Since
Fs(X + Y ) and Fs(f(X) + f(Y )) are finite-dimensional vector spaces and f is
induced by L, the restriction of f to Gk(X + Y ) is continuous. By (L2) and the
compactness of Gk(X + Y ), this restriction is a homeomorphism on f(Gk(X + Y )).
Therefore,
(1) [f(X) ∩ f(Y ), f(X) + f(Y )]m
contains a (2k2)-dimensional real manifold. This implies that k ≤ m.
From this moment, we assume that the following additional condition holds:
(L3) for any P,Q ∈ Pk(H) the dimension of the intersection of the images of
L(P ) and L(Q) is not less than m− k.
In the case when k = m, this condition holds trivially.
Lemma 5. The following assertions are fulfilled:
(A) if X,Y ∈ Gk(H) are orthogonal, then f(X) and f(Y ) are compatible and
dim(f(X) ∩ f(Y )) = m− k.
(B) f is adjacency preserving in both directions.
Proof. (A). Suppose that X,Y ∈ Gk(H) are orthogonal. It was established above
that (1) contains a (2k2)-dimensional real manifold and (L3) shows that this is
possible only in the case when the dimension of f(X) ∩ f(Y ) is equal to m − k.
Then (1) is homeomorphic to Gk(X+Y ) and f(Gk(X+Y )) is an open-closed subsets
of (1). Therefore,
f(Gk(X + Y )) = [f(X) ∩ f(Y ), f(X) + f(Y )]m
and onsequently
Xm(f(X), f(Y )) = [f(X) ∩ f(Y ), f(X) + f(Y )]m
which means that f(X) and f(Y ) are compatible.
(B). For any X ′, Y ′ ∈ Gk(H) there are orthogonal X,Y ∈ Gk(H) whose sum
contains both X ′, Y ′. The restriction of f to Gk(X + Y ) is a homeomorphism to
(1). This implies that L(Fs(X + Y )) is the subspace of Fs(H
′) spanned by all PZ ,
where Z belongs to (1). This subspace can be identified with Fs(H˜), where H˜ is
a complex Hilbert space of dimension 2k. The restriction of L to Fs(X + Y ) is
a linear isomorphism of Fs(X + Y ) to Fs(H˜) (this is a surjective linear operator
between vector spaces are of the same finite dimension). Then
f(Xk(X
′, Y ′)) = Xm(f(X
′), f(Y ′)).
By Lemma 4, X ′, Y ′ are non-compatible and adjacent if and only if the same holds
for f(X ′), f(Y ′). The required statement follows from the fact that the set of all
elements of Gk(X+Y ) adjacent to X
′ is the closure of the set of all Y ′ ∈ Gk(X+Y )
such that X ′, Y ′ are non-compatible and adjacent. 
Proof of Theorem 1. Let k = m. By Lemma 5, f is orthogonality preserving and it
is also adjacency preserving in both directions (in the case when k = 1, the second
statement is trivial).
1For every closed subspace Z ⊂ H the subspace of Fs(H) formed by all operators whose images
are contained in H can be naturally identified with Fs(Z).
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Consider the case when k = 1. Let S ∈ G2(H) and let X,Y be orthogonal
elements of G1(S). Then X1(X,Y ) coincides with G1(S) and
f(G1(S)) = f(X1(X,Y )) = X1(f(X), f(Y )) = G1(f(X) + f(Y )).
So, f sends lines to lines. By (L2), f is injective. The image f(G1(H)) is not
contained in a line. It follows from Theorem 3 that f is induced by a semilinear
injective transformation of H . This semilinear transformation is orthogonality pre-
serving (since f is orthogonality preserving) and Lemma 1 implies that it is a linear
or conjugate-linear isometry, i.e. there is a linear or conjugate-linear isometry U
such that f(X) = U(X) for every X ∈ G1(H). Then L(P ) = LU (P ) for every
P ∈ P1(H) which implies that L = LU (since Fs(H) is spanned by P1(H)).
Similarly, we show that for k ≥ 2 the statement follows from Theorem 4 and
Proposition 1. 
Suppose that H is infinite-dimensional and prove Theorem 2 in several steps.
The case when k = m was considered above and we assume that m > k.
Proof of Theorem 2 for k = 1. If k = 1, then m ≥ 2. The second part of Lemma
5 implies that any two distinct elements of f(G1(H)) are adjacent, i.e. f(G1(H))
is contained in a star or a top of Gm(H
′). By the first part of Lemma 5, for any
orthogonal X,Y ∈ G1(H) the images f(X), f(Y ) are ortho-adjacent. If X ⊂ G1(H)
is an infinite subset formed by mutually orthogonal elements (such subsets exist,
sinceH is infinite-dimensional), then f(X ) is an infinite subset of Gm(H
′) consisting
of mutually ortho-adjacent elements. By Lemma 2, this means that f(G1(H)) is
not contained in a top. So, there is an (m− 1)-dimensional subspace W contained
in each element of f(G1(H)).
Let H ′′ be the orthogonal complement of W . Consider the map
g : G1(H)→ G1(H
′′)
such that g(X) = f(X) ∩ H ′′ for every X ∈ G1(H). This map is orthogonality
preserving. Since for any orthogonal X,Y ∈ G1(H) we have
f(G1(X + Y )) = [W, f(X) + f(Y )]m
(see the proof of Lemma 5), the map g sends lines to lines. Also, g is injective
(since f is injective) and it is clear that the image g(G1(H)) is not contained in a
line of G1(H
′′). Then g is induced by a semilinear injection U : H → H ′′ (Theorem
3). Lemma 1 guarantees that U is a linear or conjugate-linear isometry. Therefore,
f(X) = U(X) +W
for all X ∈ G1(H) and we have L(P ) = LU,W (P ) for all P ∈ P1(H). This implies
that L = LU,W , since Fs(H) is spanned by P1(H). 
From this moment, we suppose that k ≥ 2.
Lemma 6. The map f is ortho-adjacency preserving.
Proof. Let X and Y be ortho-adjacent elements of Gk(H). Then f(X), f(Y ) are
adjacent and we need to show that they are compatible. By the second part of
Lemma 5, f sends every path in Γk(H) to a path in Γm(H
′). Consider a geodesic
in Γk(H) containing X,Y and joining some orthogonalX
′, Y ′ ∈ Gk(H) (see Lemma
3). Since
dk(X
′, Y ′) = k = dm(f(X
′), f(Y ′))
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(by the first part of Lemma 5), f transfers this geodesic to a geodesic connecting
f(X ′) and f(Y ′). The subspaces f(X ′) and f(Y ′) are compatible (by the first part
of Lemma 5) and Lemma 3 states that any geodesic connecting them is formed by
mutually compatible elements. In particular, f(X) and f(Y ) are compatible. 
Since f is adjacency preserving in both directions, it transfers every maximal
clique of Γk(H) (a star or a top) to a subset in a maximal clique of Γm(H
′);
moreover, distinct maximal cliques of Γk(H) go to subsets of distinct maximal
cliques of Γm(H
′). Lemmas 2 and 6 show that the image of a star cannot be
contained in a top (recall that H is infinite-dimensional). Therefore, f transfers
every star S ⊂ Gk(H) to a subset of a star. The intersection of two distinct stars
contains at most one element which means that f(S) is contained in a unique star
of Gm(H). So, f induces an injection
fk−1 : Gk−1(H)→ Gm−1(H)
such that
f([X〉k) ⊂ [fk−1(X)〉m
for every X ∈ Gk−1(H). Then
fk−1(〈Y ]k−1) ⊂ 〈f(Y )]m−1
for every Y ∈ Gk(H). The latter inclusion implies that fk−1 is adjacency preserving
(since fk−1 is injective and two distinct elements are adjacent if and only if there
is a top containing them).
Lemma 7. If X,Y ∈ Gk−1(H) are orthogonal, then fk−1(X) and fk−1(Y ) are
compatible and
dim(fk−1(X) ∩ fk−1(Y )) = m− k.
Also, fk−1 is ortho-adjacency preserving
2.
Proof. Since fk−1 is an adjacency preserving injection, it transfers every path of
Γk−1(H) to a path of Γm−1(H
′) and we have
dm−1(fk−1(X), fk−1(Y )) ≤ dk−1(X,Y ) = k − 1.
Therefore,
dm−1(fk−1(X), fk−1(Y )) = m− 1− dim(fk−1(X) ∩ fk−1(Y )) ≤ k − 1
which implies that
dim(fk−1(X) ∩ fk−1(Y )) ≥ m− k.
Let us take orthogonal X ′, Y ′ ∈ Gk(H) such that X ⊂ X
′ and Y ⊂ Y ′. Then
fk−1(X) and fk−1(Y ) are contained in f(X
′) and f(Y ′), respectively. The inter-
section of fk−1(X) and fk−1(Y ) is contained in the intersection of f(X
′) and f(Y ′)
which means that
dim(fk−1(X) ∩ fk−1(Y )) ≤ dim(f(X
′) ∩ f(Y ′)) = m− k.
So, the dimension of the intersection of fk−1(X) and fk−1(Y ) is equal to m−k and
(2) fk−1(X) ∩ fk−1(Y ) = f(X
′) ∩ f(Y ′).
2This follows immediately from the previous statement if k = 2.
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The subspaces f(X ′) and f(Y ′) are compatible, i.e. there exist orthogonal k-dimen-
sional subspacesX ′′ ⊂ f(X ′) and Y ′′ ⊂ f(Y ′) such that f(X ′)∩f(Y ′) is orthogonal
to both X ′′, Y ′′ and
f(X ′) = X ′′ + f(X ′) ∩ f(Y ′), f(Y ′) = Y ′′ + f(X ′) ∩ f(Y ′).
Since fk−1(X) and fk−1(Y ) are hyperplanes in f(X
′) and f(Y ′) (respectively),
X ′′ ∩ fk−1(X) and Y
′′ ∩ fk−1(Y )
are orthogonal (k− 1)-dimensional subspaces which are also orthogonal to (2). We
have
fk−1(X) = X
′′ ∩ fk−1(X) + fk−1(X) ∩ fk−1(Y ),
fk−1(Y ) = Y
′′ ∩ fk−1(Y ) + fk−1(X) ∩ fk−1(Y )
which means that fk−1(X) and fk−1(Y ) are compatible.
As in the proof of Lemma 6, we show that fk−1 is ortho-adjacency preserving. 
Consider the case when k ≥ 3. Using the second part of Lemma 7, we establish
that for every star S ⊂ Gk−1(H) there is a unique star of Gm−1(H
′) containing
fk−1(S). This means that fk−1 induces a map
fk−2 : Gk−2(H)→ Gm−2(H
′)
which transfers tops to subsets of tops. Therefore, for any adjacentX,Y ∈ Gk−2(H)
the images fk−2(X), fk−2(Y ) are adjacent or coincident (we cannot state that fk−2
is injective). Then fk−2 sends any path of Γk−2(H) to a path of Γm−2(H). We
repeat the above arguments and get the direct analogue of Lemma 7 for fk−2.
Recursively, we construct a sequence of maps
fi : Gi(H)→ Gm−k+i(H
′),
where fk = f and
fi([X〉i) ⊂ [fi−1(X)〉m−k+i
for every X ∈ Gi−1(H) if i ≥ 2. Then
fi(〈Y ]i) ⊂ 〈fi+1(Y )]m−k+i
for every Y ∈ Gi+1(H) if i ≤ k− 1. The direct analogue of Lemma 7 holds for each
fi, but we will need only the fact that f1 sends orthogonal elements of G1(H) to
ortho-adjacent elements of Gm−k+1(H
′).
For any distinct X,Y ∈ G1(H) the images f1(X), f1(Y ) are adjacent or coinci-
dent (since f1 is induced by f2) and f1(G1(H)) is contained in a maximal clique
of Γm−k+1(H
′). Using the fact that f1 transfers orthogonal elements of G1(H) to
ortho-adjacent elements of Gm−k+1(H
′), we establish the existence of an (m − k)-
dimensional subspace W contained in each element of f1(G1(H)) (see the proof of
Theorem 2 for k = 1).
We will use the following inclusion
(3) f1(〈X ]1) ⊂ 〈f(X)]m−k+1 for all X ∈ Gk(H)
which is a simple consequence of the fact that fi is induced by fi+1 for each i ≤ k−1.
Lemma 8. The map f1 is injective.
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Proof. For any distinct X,Y ∈ G1(H) we take orthogonal X1, . . . , Xk−1 ∈ G1(H)
which are orthogonal to both X and Y . Then
X ′ = X1 + · · ·+Xk−1 +X and Y
′ = X1 + · · ·+Xk−1 + Y
are distinct k-dimensional subspaces. The (m− k + 1)-dimensional subspaces
f1(X1), . . . , f1(Xk−1), f1(X)
are mutually ortho-adjacent and each of them contains the (m − k)-dimensional
subspace W . This means that their sum is m-dimensional. Similarly, we establish
that the subspace
f1(X1) + · · ·+ f1(Xk−1) + f1(Y )
is m-dimensional. The inclusion (3) shows that
f(X ′) = f1(X1) + · · ·+ f1(Xk−1) + f1(X),
f(Y ′) = f1(X1) + · · ·+ f1(Xk−1) + f1(Y ).
If f1(X) = f1(Y ), then we have f(X
′) = f(Y ′) which contradicts the fact that f is
injective. Therefore, f1(X) 6= f1(Y ). 
As the proof of Theorem 2 for k = 1, we denote by H ′′ the orthogonal comple-
ment ofW and consider the map g : G1(H)→ G1(H
′′) such that g(X) = f1(X)∩H
′′
for every X ∈ G1(H). It is clear that g is orthogonality preserving and the image
g(G1(H)) is not contained in a line of G1(H
′′). By Lemma 8, this map is injective.
Also, it sends lines to subsets of lines (since f1 is induced by f2). So, g satisfies
the conditions of Theorem 3. Then there is a linear or conjugate-linear isometry
U : H → H ′′ such that
f1(X) = U(X) +W
for all X ∈ G1(H) (see the proof of Theorem 2 for k = 1). Using (3), we establish
that f(X) coincides with U(X)+W for each X ∈ Gk(H), i.e. L(P ) = LU,W (P ) for
all P ∈ Pk(H). Since Fs(H) is spanned by Pk(H), we have L = LU,W .
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